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A Note on the Particular Set with Size Three 

Piezīme par īpašo kopu ar izmēru trīs 
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Abstract – For a fixed integer k, a kP –set is defined as a set of 

n positive integers },...,,,{ nxxxx 321 with the property that 

kxx ji  is a perfect square, whenever ji  . In this paper, we 

prove },,{ 2514111 P , },,{ 3615111 P and },,{ 239411 P  sets 

cannot be extendable. It is also proved that 11P  sets don’t contain 

any multiple of 3 and 11P  sets don’t include any multiple of 7. 

Moreover, it is demonstrated that all of the elements of the sets 

11P  of size three cannot be odd positive integer. 

Mathematics Subject Classifications: 11A07, 11D45, 11A15. 

Keywords – Congruences, kP  sets, Pell’s equations, Legendre 

symbol. 

I. INTRODUCTION AND PRELIMINARIES

In the literature, the first paper related to simultaneous 
Pell’s equations proved the unsolvability in terms of positive 
integers for the basic equation system in 1904. Simultaneous 
Pell’s equations have been studied by most scholars, for 
example, Anglin, Baker, Davenport, Cohn, Mohanty, 
Ramasamy, Pinch, Ponnudurai, Tzanakis, etc. 

Anglin [1] presented a method for solving a system of Pell’s 
equations with the parameters absolutely less than 1000. In 
1969, Baker and Davenport [2] provided a set {1, 3, 8, 120} of 
size four. Many authors also applied the Baker-Davenport 
method to investigate similar problems. Tzanakis [13] 
suggested a method (elliptic logarithm method) using elliptic 
curves and linear forms in elliptic logarithms. In [8], an 
elliptic logarithm method was partially described by Katayama 
too. 

On the other hand, some authors studied the number of 
solutions of simultaneous Pell’s equations. Kanagasabapathy 
and Ponnudurai [7] dealt with the non-extendibility of 

}10,5,1{1 P  and the non-extendibility of }7,2,1{1 P  

proven by Thamotherampillai. Brown [3] proved if 2k  
(mod 4) then there was not kP  set of size 4, and gave some 

results on kP  if 5k  (mod 8). 

In [11], Mohanty and Ramasamy introduced the concept of 
characteristic number of two simultaneous Pell’s equations for 
a set of Pell’s equations, including any square free positive 
integer number. 

Recently, Gopalan and his co-authors have discussed some 
special non-extendable sets with size three. Filipin, Fujita and 
Mignotte [4] obtained significant results on the non-
extendibility of some parametric families of 1P  sets with size 

three. 

Let k be an integer. A kP –set of size m is a set 

},...,,,{ 321 mxxxxB   of distinct positive integers for which 

kxx ji  is the square of an integer, whenever ji  . If there 

exist a positive integer Bn  such that }{nB  is still a 

kP -set, then the kP -set B can be extended. For example, 

}7,2,1{1 P  set of size 3, P1={1,3,8,120} set of size 4 etc. 

One would like to have generalization of at least two 
methods for kP  set. The first one is a general D, which 

governs the Pell’s equation on hand and the other is a general 
prime number or a product of primes employed in the residue 
classes leading to the determination of quadratic characters. 

In this research, we will prove that the sets }25,14,1{11 P , 

}36,15,1{11 P and }23,9,4{11 P  cannot be extended by 

using the second method. Also, we will demonstrate some 
properties of 11P  and 11P  sets. Besides, it is proven that sets 

11P  cannot include three different odd positive integers as an 

element. This work also is similar to [9]. 
At the end of this section we will give the preliminary 

results obtained by our method. First, we recall some 
definitions and theorems as follow: 

Definition 1.1. ([12]) If Nn  and Zn  with 
1),(gdc na , then a is a quadratic residue modulo n if there is 

an integer x such that ax 2  (mod n), and if the equivalence 
has no such solution, then a is a quadratic nonresidue modulo 
n. 

Definition 1.2. ([12]) If Zc  and 2p  is prime, then 
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 is called the Legendre symbol of c with respect to p.

The following is a fundamental result of quadratic 
residuacity modulo n. This term means the determination of 
whether integer n is a quadratic residue or a nonresidue 
modulo n. 

Theorem 1.1. ([12]) (The Quadratic Reciprocity Law) 
If qp   are odd primes, then  
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where 







 represents the Legendre symbol. 

Theorem 1.2. ([12]) (The Quadratic Residuacity of 2 
Modulo p) 

For any odd prime p, 
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Theorem 1.3. ([12]) (Jacobi and Quadratic Congruences) 
Let 1n  be an integer, Zb  with 1),(gdc nb  and 
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02  the canonical prime factorization of n where 

00 a  and Na j   for the distinct odd primes jp , 

.,...,2,1 mj   Then  

bx 2  (mod n) 

is solvable if and only if 1)/( jpa  for all mj ,...,2,1  and 

))2,8(gdc(mod1 0aa  . 

Theorem 1.4. ([12]) (The Reciprocity Law for the Jacobi 
Symbol) 

If Nnm ,  are odd and relatively prime, then 
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II. MAIN RESULTS  

Theorem 2.1. The set }25,14,1{11 P  cannot be extended to 

11P  set of size 4. 

Proof. Suppose that }25,14,1{11 P  can be extended for any 

positive integer d. It means },25,14,1{ d  is 11P  set. We can 

find zyx ,,  integers such that 

211 xd           (1) 

21114 yd           (2) 

21125 zd           (3) 

By dropping d from (1) and (3) we obtain 

26425 22  zx .       (4) 

In (4), we can write left side as difference of two squares 
since 25 is a perfect square  

264)5)(5(  zxzx . 

Also 264 can be factorized finitely. Thus, integer solutions 
of (4) are obtained as follows: 

)31,7(),( zx          (5) 

or  
)19,5(),( zx          (6) 

Eliminating d from (1) and (2) simultaneously we get 

14314 22  yx          (7) 

Using (5) solution and substituting 492 x  into (7) we 

have 5432 y  where y is not an integer solution. 

In a similar way, substituting (6) solutions )25( 2 x  into 

(7), we obtain 2072 y . This shows that y is not an integer 

for the solution of (7).  
Thus, there is no such Zd   and the set }25,14,1{11 P  

cannot be extended. 
Theorem 2.2. The set }36,15,1{11 P  is non-extendable. 

Proof. We assume that the set },36,15,1{ d  is 11P for any 

positive integer d. If we use the definition set of 11P , then we 

have 
211 xd           (8) 

21115 yd           (9) 

21136 zd           (10) 

We have to find integers zyx ,,  satisfying (8), (9) and (10). 

From (8) and (10) we get 

38536 22  xz         (11) 

and from (8) and (9) 

15415 22  xy .         (12) 

By the same manner of the proof of Theorem 2.1 and 
factorizing (11) we get 

385)6)(6(  xzxz .       (13) 

If we solve (13), we obtain )193,32(),( zx , 

)41,6(),( zx , )31,4(),( zx  or )23,2(),( zx .  

If we substitute 10242 x , 362 x , 162 x  or 42 x  

into (12), then we obtain 155142 y , 6942 y , 3942 y  

or 2142 y , respectively. Thus, there is not any integer y 

satisfying the values.	 
Hence, the set }36,15,1{11 P  is non-extendable. 

Theorem 2.3. The set }23,9,4{11 P  is nonextendable. 

Proof. We assume that the set },23,9,4{ d  is a 11P for any 

positive integer d . By considering the definition of the set 

11P , then we get 
2114 xd            (14) 

2119 yd            (15) 

21123 zd            (16) 

We have to find integers ),,( zyx  holding (14), (15) and 

(16). From (14) and (15) we get 
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5594 22  xy         (17) 

and by using (14) and (16) we obtain 

209234 22  xz       (18) 

By the same manner of the proof of Theorem 2.2 and 
factorising (17) we get; 

55)32)(32(  xyxy     (19) 

If we solve (19), we )14,9(),( yx or )4,1(),( yx . If 

we substituting 812 x  or 12 x  into the (18) then we get 

5182 z  or 582 z , consecutively. So, there isn’t any 
integer  holding the (18) equation. 

Hence, the set }23,9,4{11 P  is nonextendable. 

Theorem 2.4. There is no set 11P  obtains any multiple of 3. 

Proof. We assume  that m  is an element of set 11P . If t3  is 

also an element of set 11P  for Zt , then  

2113 Atm           (20) 

has to satisfy for integer A . If we apply modulo 3 into the 
(20), we obtain  

22 A  (mod 3)        (21) 

By using Theorem 1.2. and the Definition 1.2, we get 

1)1(
3

2 )13(
8

1 2







 

     (22) 

since 3 is odd prime number. This means that equation (20) is 
unsolvable, i.e. 2 is non quadratic residue (mod 3). This is a 
contradiction.  

Therefore, t3  can not be an element of 11P  for Zt .  

Theorem 2.5.  There is no set 11P  includes any multiple of 

7. 
Proof. In a similar manner, suppose that r  is an element of 

set 11P , If )(,7 Zss   is also an element of set 11P  then  

2117 Brs          (23) 

 
has to satisfy for integer B. Applying modulo 7 of both sides, 
we have 

32 B  (mod 7).        (24) 

We have to calculate Legendre symbol 
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 by using 

Theorem 1.1 and Definition 1.2. 
From Theorem 1.1, we obtain 
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since 3 and 7 are odd primes. By substituting 1
3
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into the (25), we have  

1
7

3









 

which means that equation (23) is unsolvable. So s7  can not 
be an element of 11P  for Zs . 

Theorem 2.6. All of the elements of a 11P  set of size three 

can not be odd numbers. 
Proof. We assume that all of the elements of a 11P  set of 

size three are odd numbers. For 11},,{ Pcba , 

3,1a  (mod 4), 3,1b  (mod 4) and 3,1c  (mod 4) hold. 
Then, we obtain 

211 xab           (26) 

211 yac           (27) 

211 zbc            (28) 

We have to find integers zyx ,,  satisfying (26), (27) and 

(28). By substituting 1a  (mod 4), 1b  (mod 4) and 
1c  (mod 4) into (26), (27) and (28), we get  

22 x  (mod 4), 22 y  (mod 4)     

and 

22 z  (mod 4).         (29) 

This is a contradiction since every perfect square of an 

integer satisfies only 02 A  (mod 4) or 12 A  (mod 4). By 
the same manner, we get contradictions for the other cases of 

3,1a  (mod 4), 3,1b  (mod 4) and 3,1c  (mod 4). So, 

there is no 11P  set of size three that contains three odd 

numbers as an element by contradiction. 

III. CONCLUSION  

The problem of extendibility and characterisation of kP  sets 

is a significant problem despite being old. There are many 
distinct methods to prove that problem.  

In this paper, we have introduced a very simple method for 
assessing the extendibility of kP  sets of three size for 11k  

or 11k . We have constructed three new non-extendable 11P  

and 11P  sets. We have also proven some properties of such 

sets using only elementary number theory. The present paper 
is advancement in this area.  
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Piezīme par īpašo kopu ar izmēru trīs  
Özen Özer 
Kirklareli Universitāte, Turcija 
Veselam skaitlim k piekārtotu n veselu atšķirīgu skaitļu kopu },...,,,{ nxxxx 321 sauc par kP  kopu, ja kxx ji   ir vesela skaitļa 

kvadrāts, ja vien ji  , Nji , . Uzskata, ka šādām kopām kP  piemīt Diofanta īpašība. Uzdevums par kopu kP  iegūšanas iespējām ir 

interesants, un tas pirmo reizi ir formulēts jau Diofanta laikā. Diofants pētīja kopu P1 un ieguva četru pozitīvu, racionālu skaitļu kopu, 
kurai piemīt Diofanta īpašība. Vēlāk pirmo pozitīvu veselu skaitļu kopu ar Diofanta īpašību ieguva Fermā. Pēc tam Beikers un 
Davenports parādīja, ka Fermā iegūtā kopa nav papildināma līdz pieciem elementiem, izmantojot iepriekšējo pieeju. Ir iegūti daži 
Beikera un Davenporta rezultātu vispārinājumi. Eksistē daudzas dažādas metodes, kuras demonstrē kopu kP , ja k > 1, eksistences 

neiespējamību. Ja Diofanta vienādojumā, proti, x2 – dy2 = n, d ir vesels skaitlis, kā arī x un y ir veseli skaitļi, tad to sauc par Pella 
vienādojumu. Ir daži īpaši gadījumi skaitlim d Pella vienādojumā. Ja d ir negatīvs, vienādojumam būs galīgs atrisinājumu skaits, ja d 
ir pozitīvs, būs bezgalīgs atrisinājumu skaits. Šajā rakstā mēs ievedīsim ļoti vienkāršu metodi, balstītu uz sadalīšanu n reizinātājos, 
nepaplašināmām },,{ 2514111 P , },,{ 3615111 P  un },,{ 239411 P . Tad mēs pierādīsim, ka kopas },,{ 2514111 P , },,{ 3615111 P un 

},,{ 239411 P  nevar tikt paplašinātas. Tiek arī parādīts, ka kopas 11P  nesatur pozitīvus reizinājumus ar trīs, kā arī, ka kopas 11P  

nesatur pozitīvus reizinājumus ar septiņi. Vēl vairāk, ir parādīts, ka visi kopas 11P  elementi, kuru izmērs trīs, nevar būt nepāra 

skaitļi. 
Atslēgas vārdi – Kongruence, kopa kP , Lagranža simbols, Pella vienādojums.  

 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


