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Abstract − The paper is devoted to derivation of analytic 
expressions for coefficients of reflection and transmission when a 
plane wave interacts with a system of three identical two-
dimensional gratings, each of which consists of a periodic array 
of rectangular cracks of the elastic isotropic medium in 2-D. In a 
one-mode range approximation the problem is reduced to the 
system of hypersingular integral equations, solution of which 
gives the coefficients of reflection and propagation, and an 
explicit representation of the wave field inside the structure.  
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I. INTRODUCTION 

The penetration of elastic waves through a periodic lattice is 
an important problem in the field of ultrasound quantitative 
evaluation of materials, propagation of sound and 
electromagnetic waveguides, diaphragms. Various numerical 
methods have been applied in two-dimensional problems with 
periodic holes of arbitrary shape [1], [2], [7]. Despite the high 
accuracy of computer results, there are only a few analytical 
theories. In practice, analytical results can be obtained under 
the assumption of low frequencies and weak interaction of 
waves, where some approximate results can be set in an 
analytical form. Thus, analytical methods that provide explicit 
formulas for the corresponding scattering parameters specify 
only a certain low-frequency limit. 

In [3] and [5] explicit analytical formulas were obtained for 
the parameters of reflection and transmission in one mode 
approximation to the acoustic wave penetrating through 
double-(triple)-periodic arrays of cracks and three-dimensional 
obstacles of arbitrary shape, as well as for the plane problems 
of wave propagation through periodic array of screens in 
elastic solids. The effect of viscosity on the reflection and 
transmission of acoustic waves on periodic lattice screens for 
3-D problems were considered in [6].  

The present study continues the discussion on the periodic 
structures in 2-D case. In the same way as in [1] – [6], we 
assume that with normal incidence of wave xik

e 1  there is one 
mode of propagation, i.e. ak2 < π, where k2 is the transverse 
wave number of the incident wave, and the condition d/a >> 1 
for the distance between the planes. The aim is the derivation 
of new analytical expressions for coefficients of reflection and 

transmission in the case of the two-dimensional distribution 
and description of new properties of solutions of the resulting 
system of hyper-singular integral equations, depending on the 
external parameters of the problem. 

II. MATHEMATICAL FORMULATION 

Consider a medium containing a doubly periodic structure, 
which consists of three infinite planes located at x = 0; d; 2d 
each of which contains an infinite periodic array of cracks, 
with a period 2a along the axis x with the opening between 
two adjacent cracks 2b around | |= 0; 2 ; 4 ;...y a a . If we study 

the incidence of the plane wave on the grating along the 
positive direction of axis x, due to symmetry, we have to 
consider the waveguide width 2a (Fig. 1). Lamé potentials are 
the following functions: 

 
Fig. 1. A typical two-dimensional grating and a single cell.  
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All capital letters are some unknown constants and 

   
1/2 1/22 22 2

1 2= / , = / .n nq n a k r n a k         
  (2) 

The time-harmonic dependence is taken as e–iωt, k1 and k2 
are the longitudinal and transverse wave numbers, R and T are 
the reflection and transmission coefficients, respectively.  

The components of the stress tensor σxx and σxy , the 
displacement components ux and uy can be expressed in terms 
of the Lamé wave potentials in the standard form. 

In the considered structure, a longitudinal incident plane 
wave xik

e 1  is entering from  , rising to the scattered fields. 
Accepting the continuity of the displacement field ux, and uy 

outside the crack's domains at each vertical plane before the 
first screen x < 0, among them ( 1) , 1, 2s D x sD s     and 

after the last one x > 2D, we introduce the following two 
unknown functions by  

    )(),( ygyg yx ,   by || :  

                           (left) (1) 1= ( ); 0;u u g y x   

;);(= 2(2)(1) dxyguu               (3) 

              (2) (right) 3= ( ); 2 .u u g y x d   

Now (1-3) can be used to represent the expressions for all 
constants appearing in potentials in (1) in terms of 

)(),( ygyg yx
. By integration of equations (3) over the 

domains of the openings by || ,  one obtains 
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The continuity assumption for the stress fields out of cracks 
over each plane is the following: 

           (left) (1) ( ) (1)= ; = , 0;left
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                 (2) (right) (2) (right )= ; , 2 .xx xx xy xy x d       

After applying the same procedure of integration over the 
same segment by ||  for (6) and taking into account the 

orthogonality property of trigonometric functions, the 
remaining 9 ratios will be obtained, which together with (4) 
and (5) form an algebraic system with 18 unknown constants. 
The solution of equations of the system for 0x  defines the 
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Formulas for the other constants for the sake of brevity 
where omitted. 

Now, the obtained unknown constants are used to satisfy 
the condition of equality to zero of the component stresses 
(2.7) on the crack. Here we must take into account that the 
problem remain the only non-trivial functions 
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Thus, omitting some intermediate mathematical 
conversions,  one obtains the following system of  integral 
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III. PROPERTIES OF INTEGRAL EQUATIONS 

Similarly as in [4], let us consider the auxiliary equation 
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one obtains the kernel of the integral equation (10) 
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One can see that the obtained singular behaviour of the 
kernel for small arguments contains a 1D hyper-singular term, 
well known in the linear elasticity theory for cracks in 
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unbounded media [7], [9]. In order to provide the stability of 
the numerical treatment, in the performed numerical 
experiments the discrete quadrature formulas are applied for 
1D hyper-singular kernels, known as a "method of discrete 
vortices" [8]. Using the new presentation for the kernel of the 
basic dual integral equation (22), one rewrites it in the 
following form: 
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The discretisation of the integral ratio leads to following 
formula 
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Finally we have the system of algebraic equations: 
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IV EXPLICIT FORMULAS FOR THE WAVE CHARACTERISTICS 
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k H J He J e H J H         

21 1 1
1 2 2 3( ) ( ) ( ) ;

ik d ik d ik d
He J k H J e H J He        (21) 

                221 1 1
1 2 2 3( ) ( ) ( ) ,

ik d ik d ik d
He J e H J k H J He        

where 14/
~

aikHH  . Therefore, so far as the auxiliary 

equation (10) is solved and )( yh  is obtained, all necessary 

characteristics of the wave field сan be found. Thus, the 
reflection and the transmission сoefficient can be obtained as 
follows:  

1
1 2

1 1

1
( )d ( )d

4 4

ik da a

x x

a a

e
R g t t g t t

aik aik 

      

21
3

1

( )d ;
4

ik d a

x

a

e
g t t

aik 

   

21 1
1 2

1 1

( )d ( )d
4 4

ik d ik da a

x x

a a

e e
T g t t g t t

aik aik 

      

23 1

1

1
( )d .

4

a
ik d

x

a

g t t e
aik 

                      (22) 

V. NUMERICAL RESULTS 

We obtained explicit expressions for the scattering 
parameters which completes the application of this analytical 
approach in low frequency regime. Some examples of their 
behaviour depending on the frequency and size of cracks in 
elastic media with the ratio for the elastic velocities 

826.1/ 21 cс  are shown in Fig. 2  – Fig. 4.  

Module transmission coefficient ||T  always decreases with 

oscillations with increasing frequency regardless of the 
geometry of the lattice. Oscillating mode and at the same time 
a certain loss of the passage is evident with increasing relative 
aperture of the crack (Fig. 2). 
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||T  
 
 
 
 
 
 
 
 
 
 
 

2ak  
Fig. 2. The transmission coefficient versus frequency parameter. 

A larger setting of D  for any size of the crack  leads to a 
frequency dependence with a more frequent nature of 
oscillations (Fig. 3). 

||T  

 
 
 
 
 
 
 
 
 
 
 

                                                                                    2ak  

Fig.3. The transmission coefficient versus frequency parameter for large d . 

For fixed 1ak  and D  the module of the reflection 
coefficient || R  for the relative parameter ab /  has a different 
pattern of behaviour. It is a monotonically increasing function 
( 11 ak ), such a property is observed after some critical value 
of the disclosure 76.0b  (Fig. 4). 

|| R  

 
 
 
 
 
 
 
 
 
 

                                                                                  ab /  

Fig. 4. The reflection coefficient versus relative crack’s size. 

If ab /  and 1ak  are fixed, then the maximum reflection 
occurs for the greatest cracks in the material. Conversely, a 
weak reflection occurs for small cracks, which is quite natural 
from a physical point of view. Also it turns out that the 
reflection coefficient |)(| DR for each value ab /  can reach its 

maximum, while there are such distances D , when the process 
of passing is absolute (Fig. 5, where b = 0.45). 

|| R     

 
 
 
 
 
 
 
 
 
 
                                                                                       d  

Fig. 5. The reflection coefficient versus parameter d . 

The method developed in this research allows to efficiently 
explore a more complex wave problem, where a vertical array 
containing the studied periodic system of cracks is 
consistently and periodically repeated (more than 3 screens) 
along the direction of wave propagation [11]. In this case 
threefold-periodic array of cracks will be the subject of future 
studies where it is expected to obtain some new specific 
properties of waves in solid media, as it was for acoustic 
filters [10]. 
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2D zemas frekvences elastīgo viļņu iekļūšana caur dubultu periodisku plaisu masīvu 
Michael Remizovs 

Rostovas Valsts Būvniecības inženierzinātņu universitāte, Krievija 
Raksts ir veltīts atstarošanas un pārvades koeficientu aprēķiniem, kad plaknes vilnis mijiedarbojas ar divdimensiju režģi, kuru 

veido periodisks taisnstūrveida spraugu masīvs elastīgā materiālā. Pie uzdotas frekvences uzdevums tiek novests uz 
integrālvienādojumu sistēmu, kas tiek rēķināta dažādiem spraugu izmēriem, lai iegūtu precīzu viļņu lauku spraugu struktūras 
iekšienē. Elastīgu viļņu izplatīšanās pētījumi caur periodiskiem režģiem ir svarīgs uzdevums daudzos praktiskos lietojumos: mehānikā, 
akustikā, elektromagnētismā. Analītiski rezultāti var tikt iegūti gadījumā, ja frekvences ir zemas un mijiedarbības režīms ir vājš. Šādā 
gadījumā daži aptuveni rezultāti var tikt iegūti analītiskā formā [1]–[10]. Iepriekšējā rakstā mēs pētījām elastīgu viļņu izplatīšanos 
plaknē ar bezgalīgu periodisku spraugu skaitu [11]. Šis raksts turpina dotās problēmas pētīšanu triju plakņu gadījumā. Viļņu 
izplatīšanās process un visi fizikālie lielumi ir laikā harmoniski. Tāpat kā darbā [7] tiek izmantoti šādi pieņēmumi: (a) ir apskatīta 
tikai vienas frekvences viļņu izplatīšanās, (b) vertikālās plaknes ar spraugām ir būtiskā attālumā viena no otras. Tagadējā darba 
mērķis ir vispārināt iepriekš iegūtos precīzos rezultātus, lietojot tos paralēlu plakņu kopai ar dubultperiodisku šauru spraugu kopu. 
Tas tiek izdarīts, izmantojot singulāra integrālvienādojuma kodola īpašības.  

Atslēgas vārdi – Atstarošanas un pārvades koeficients, divdimensiju režģis, fiksētas frekvences aproksimācija, singulars 
integrālvienādojums. 
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