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Abstract — The paper is devoted to derivation of analytic
expressions for coefficients of reflection and transmission when a
plane wave interacts with a system of three identical two-
dimensional gratings, each of which consists of a periodic array
of rectangular cracks of the elastic isotropic medium in 2-D. In a
one-mode range approximation the problem is reduced to the
system of hypersingular integral equations, solution of which
gives the coefficients of reflection and propagation, and an
explicit representation of the wave field inside the structure.
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1. INTRODUCTION

The penetration of elastic waves through a periodic lattice is
an important problem in the field of ultrasound quantitative
evaluation of materials, propagation of sound and
electromagnetic waveguides, diaphragms. Various numerical
methods have been applied in two-dimensional problems with
periodic holes of arbitrary shape [1], [2], [7]. Despite the high
accuracy of computer results, there are only a few analytical
theories. In practice, analytical results can be obtained under
the assumption of low frequencies and weak interaction of
waves, where some approximate results can be set in an
analytical form. Thus, analytical methods that provide explicit
formulas for the corresponding scattering parameters specify
only a certain low-frequency limit.

In [3] and [5] explicit analytical formulas were obtained for
the parameters of reflection and transmission in one mode
approximation to the acoustic wave penetrating through
double-(triple)-periodic arrays of cracks and three-dimensional
obstacles of arbitrary shape, as well as for the plane problems
of wave propagation through periodic array of screens in
elastic solids. The effect of viscosity on the reflection and
transmission of acoustic waves on periodic lattice screens for
3-D problems were considered in [6].

The present study continues the discussion on the periodic
structures in 2-D case. In the same way as in [1] — [6], we
assume that with normal incidence of wave ¢ there is one
mode of propagation, i.e. ak, < m, where k» is the transverse
wave number of the incident wave, and the condition d/a >> 1
for the distance between the planes. The aim is the derivation
of new analytical expressions for coefficients of reflection and
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transmission in the case of the two-dimensional distribution
and description of new properties of solutions of the resulting
system of hyper-singular integral equations, depending on the
external parameters of the problem.

II. MATHEMATICAL FORMULATION

Consider a medium containing a doubly periodic structure,
which consists of three infinite planes located at x =0; d; 2d
each of which contains an infinite periodic array of cracks,
with a period 2a along the axis x with the opening between
two adjacent cracks 2b around | y |=0; 2a; 4a;.... If we study

the incidence of the plane wave on the grating along the
positive direction of axis x, due to symmetry, we have to
consider the waveguide width 2a (Fig. 1). Lamé potentials are
the following functions:
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Fig. 1. A typical two-dimensional grating and a single cell.
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The time-harmonic dependence is taken as e, ky and k [-F, +H, ] Ch(qnd )~[G, + P 1, sh(r,d) =
are the longitudinal and transverse wave numbers, R and T are
the reflection and transmission coefficients, respectively. 1
The components of the stress tensor o, and oy , the = 2— _[ (J’) s1n[ jdy 5
displacement components u, and u, can be expressed in terms a4’
of the Lamé wave potentials in the standard form. o
In the considered structure, a longitudinal incident plane [F?sh(q,d)+C, g, —[G: ch(r,d)—D,]— =
wave ¢"I" is entering from —oo, rising to the scattered fields. a
Accepting the continuity of the displacement field u, and u,
outside the crack's domains at each vertical plane before the =— J. g, ( ¥) COS( jdy,
first screen x < 0, among them (s—1)D<x<sD, s=1,2 and
after the last one x > 2D, we introduce the following two o
unknown functions by [F? ch(q,d)+C, 1™ ~[G* sh(r,d) + D, I, =
a
g.(). g, |ykb:
1 a
= 5
' —u =gy x=0; 2a [,g’ (y)sm( jdy’ v
uV —u® =g%y); x=d; (3) The continuity assumption for the stress fields out of cracks

T - =g (y);  x=2d.

Now (1-3) can be used to represent the expressions for all
constants appearing in potentials in (1) in terms of
g.(»,g,(y)- By integration of equations (3) over the

domains of the openings |y|<b, one obtains
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The orthogonality of the trigonometric functions with the
assumption g d zTV%>>L n=1273,.., reduces (3) to the

following relations, connecting the rest 12 coefficients:
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over each plane is the following:

(left) _ (1), (left) _ (1) — 0

G, =0.; 0, =0.,, x=0

(1) — ~@. a1 — <) — -

xx Gxx > Gx} ny > X = d, (6)
o = Gl GO = Gl ¢ oy

After applying the same procedure of integration over the
same segment |yl|<b for (6) and taking into account the

orthogonality property of trigonometric functions, the
remaining 9 ratios will be obtained, which together with (4)
and (5) form an algebraic system with 18 unknown constants.

The solution of equations of the system for x =0 defines the
appropriate constants P1 ,A,,B, H;,F ' H, ! R, expressions

for which are used in the following form:
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Formulas for the other constants for the sake of brevity
where omitted.
Now, the obtained unknown constants are used to satisfy
the condition of equality to zero of the component stresses
(2.7) on the crack. Here we must take into account that the

problem remain the only non-trivial  functions
g (¥);|yI<b;s=1,2,3 included in the ratio
ol =5"=0, x=0;
ol =c? =0, x=d; (8)
c? =c"" =0, x=2d.
Thus, omitting some intermediate  mathematical
conversions, one obtains the following system of integral

equations with respect to these functions:
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j gx(>d+— j g()dr—— j K(y-ng)(nde =*;
where
K(y)—l/2k1+z sz cos( j R =2’ -k -4rg,d. 9

III. PROPERTIES OF INTEGRAL EQUATIONS

Similarly as in [4], let us consider the auxiliary equation

(ly[<b):
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Now the second sum is some regular function. The first one
has both the regular and the singular parts:
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One can see that the obtained singular behaviour of the
kernel for small arguments contains a 1D hyper-singular term,
well known in the linear elasticity theory for cracks in
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unbounded media [7], [9]. In order to provide the stability of
the numerical treatment, in the performed numerical
experiments the discrete quadrature formulas are applied for
1D hyper-singular kernels, known as a "method of discrete
vortices" [8]. Using the new presentation for the kernel of the
basic dual integral equation (22), one rewrites it in the

following form:
—Jh(n) &, (r-my+——d fan =1,

a?, m(y—mn)’

2

D, (y) =—2{1—j—§}1,(y)+1<r<y>.

1

(16)

The discretisation of the integral ratio leads to following
formula
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Finally we have the system of algebraic equations:
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IV EXPLICIT FORMULAS FOR THE WAVE CHARACTERISTICS

Similarly to [3], let us consider the auxiliary equation and
set

1 ¢ Z R, ~ a
20 | M3 eosa (0K =1, 4= [ (19

n=1

In terms of the even function 4(y), we deduce from (19):
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Here we put
J, = jgv(t)dt i=1,2,3.

By integrating (20) over |y|<b one obtains the system of
linear algebraic equations for the unknown ./, j=1,2,3.
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where H=H/ 4aik,. Therefore,
equation (10) is solved and j(y) is obtained, all necessary

ik; 2d
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so far as the auxiliary

characteristics of the wave field can be found. Thus, the
reflection and the transmission coefficient can be obtained as

follows:
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V. NUMERICAL RESULTS

We obtained explicit expressions for the scattering
parameters which completes the application of this analytical
approach in low frequency regime. Some examples of their
behaviour depending on the frequency and size of cracks in
elastic media with the ratio for the elastic velocities
¢ /c, =1.826 are shown in Fig. 2 - Fig. 4.

Module transmission coefficient | 7| always decreases with

oscillations with increasing frequency regardless of the
geometry of the lattice. Oscillating mode and at the same time
a certain loss of the passage is evident with increasing relative
aperture of the crack (Fig. 2).
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|T| maximum, while there are such distances D, when the process
1 of passing is absolute (Fig. 5, where b = 0.45).
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Fig. 2. The transmission coefficient versus frequency parameter. 0 4 [ E 10 12

A larger setting of D for any size of the crack leads to a

frequency dependence with a more frequent nature of

oscillations (Fig. 3).
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Fig.3. The transmission coefficient versus frequency parameter for large d .

For fixed ak, and D the module of the reflection
coefficient | R| for the relative parameter 5/a has a different
pattern of behaviour. It is a monotonically increasing function
(ak, =1), such a property is observed after some critical value
of the disclosure b =0.76 (Fig. 4).
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Fig. 4. The reflection coefficient versus relative crack’s size.

If b/a and ak, are fixed, then the maximum reflection
occurs for the greatest cracks in the material. Conversely, a
weak reflection occurs for small cracks, which is quite natural
from a physical point of view. Also it turns out that the
reflection coefficient | R(D) |for each value »/a can reach its
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d

Fig. 5. The reflection coefficient versus parameter ¢ .

The method developed in this research allows to efficiently
explore a more complex wave problem, where a vertical array
containing the studied periodic system of cracks is
consistently and periodically repeated (more than 3 screens)
along the direction of wave propagation [11]. In this case
threefold-periodic array of cracks will be the subject of future
studies where it is expected to obtain some new specific
properties of waves in solid media, as it was for acoustic
filters [10].
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2D zemas frekvences elastigo vilnu iekliSana caur dubultu periodisku plaisu masivu
Michael Remizovs
Rostovas Valsts Bitvniecibas inZenierzinatnu universitate, Krievija

Raksts ir veltits atstaro$anas un parvades koeficientu aprékiniem, kad plaknes vilnis mijiedarbojas ar divdimensiju reZgi, kuru
veido periodisks taisnstirveida spraugu masivs elastiga materiala. Pie uzdotas frekvences uzdevums tiek novests uz
integralvienadojumu sistému, kas tiek rekinata dazadiem spraugu izmériem, lai iegiitu precizu vilnu lauku spraugu struktiiras
ieksiené. Elastigu vilnu izplatiSanas pétijumi caur periodiskiem reZgiem ir svarigs uzdevums daudzos praktiskos lietojumos: mehanika,
akustika, elektromagnétisma. Analitiski rezultati var tikt iegiiti gadijuma, ja frekvences ir zemas un mijiedarbibas reims ir vajs. Sada
gadijuma daZi aptuveni rezultati var tikt iegiiti analitiska forma [1]-[10]. Iepriekséja raksta mes pétijam elastigu vilnu izplatiSanos
plakné ar bezgaligu periodisku spraugu skaitu [11]. Sis raksts turpina dotis problémas pétianu triju plaknu gadijuma. Vilnu
izplatiSanas process un visi fizikalie lielumi ir laika harmoniski. Tapat ka darba [7] tiek izmantoti §adi pienemumi: (a) ir apskatita
tikai vienas frekvences vilnu izplatiSanas, (b) vertikalas plaknes ar spraugam ir biitiska attaluma viena no otras. Tagadéja darba
meérkis ir visparinat ieprieks iegiitos precizos rezultatus, lietojot tos paralélu plaknu kopai ar dubultperiodisku Sauru spraugu kopu.
Tas tiek izdarits, izmantojot singulara integralvienadojuma kodola ipasibas.

Atslegas vardi — AtstaroSanas un parvades Kkoeficients, divdimensiju reZgis, fiksétas frekvences aproksimacija, singulars
integralvienadojums.
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